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An example of a cellular mapping between polyhedra P and Q with the property that, for all 
n, P x R” is not homeomorphic to Q x R” is discussed. It is shown that for a cell-like decomposition 
G of a polyhedron P such that P/G is finite-dimensional, there is a countable-dimensional 
manifold o such that P/G x r is homeomorphic to P x CT. 
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Introduction 
One of the major outstanding problems in decomposition theory deals with 
stabilizing factors of cell-like decompositions of finite-dimensional manifolds. If G 
is a cell-like decomposition of M”, an n-manifold, it is known that M/G x lR2 is 
homeomorphic to M x Iw2 if M/G is finite-dimensional [3]. However, it is still an 
open question whether M/G x Iw’ must be homeomorphic to M x [w’. In this paper 
we deal with the analogous question for proper, cell-like decompositions of poly- 
hedra. An example is discussed which shows that there are cellular mappings between 
polyhedra f: P + Q such that P x Iw” is topologically different from Q x Iw” for all 
positive integers n, thus eliminating the possibility of finite-dimensional manifold 
stabilizing factors. A positive result is given by showing that finite-dimensional, 
cell-like decompositions of polyhedra are factors of certain countable-dimensional 
manifolds. 
Preliminaries 
A polyhedron P is a subset of some Euclidean space Iw” such that each point b E P 
has a neighborhood N = bL, the join of b and a compact subset L of P. A compact 
subset X of P is cellular in P if there is a pseudoisotopy h,: P+ P such that X is 
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the only nondegenerate point preimage of h, . A proper surjection f: P + Q between 
polyhedra is a cellular mapping if for each y E Q, f-‘(y) is a cellular subset of P. 
(See [4] for more on cellular mappings between polyhedra.) 
The intrinsic dimension of a point x in a polyhedron P, denoted I(x, P), is given 
by 1(x, P) = max{ n E Z’I there is an open embedding h: R” x CL + P with L a compact 
polyhedron and h(R” x CL) a neighborhood of h(0 x c) = x}, where CL is the open 
cone in L. The intrinsic n-stratum of P is P[ n] = {x E PI I(x, P) = n}. Note that P[n] 
is a topological n-manifold. 
If we represent the Hilbert cube by Hz, [-1, 11, then u = {(Xi) IXi # 0 for at most 
finitely many i} is a countable-dimensional subset of the Hilbert cube. A q-manifold 
is a separable metric space having an open covering of sets each homeomorphic to 
an open subset of u. The following is a characterization of a-manifolds: 
Theorem [5]. An ANR X is a u-manifold if and only if 
(a) X is the countable union of finite dimensional compacta; 
(b) each compact subset of X is a strong Z-set; 
(c) for each positive integer k, every mapping f: [Wk + X can be arbitrarily closely 
approximated by an injection. 
A closed subset A of an ANR X is a strong Z-set in X if for each open covering 
% of X there is a mapping h: X + X\A limited by % such that the closure of h(X) 
in X misses A. 
An example 
The basic example was first described in [4] and we explore it further here. Let 
W be a contractible (n + 1)-manifold, n 2 3, whose boundary is a nonsimply con- 
nected homology n-sphere H, and choose w E int W. The polyhedron P is obtained 
by identifying two copies of W x S’ along w x S’ by the identity mapping. The 
image space Q is defined by identifying two copies of (cH) x S’ along the circle 
c x S’, again by the identity mapping. Taking I@ to be a submanifold of W which 
contains w in its interior, with W\int I@ = H x [0, 11, the cellular mapping is obtained 
by sending each of the cellular subsets ( Wx y) UwxY ( W x y) of P to the point 
(c x y) Uwx, (c x y), where y E S’. Because homeomorphisms between polyhedra 
must preserve intrinsic strata, the spaces are not homeomorphic since P[ l] is l-LCC 
in P while Q[ l] is not l-LCC in Q. Furthermore, if n 2 1, (P X R”)[k] = 
(P[k-n])xR” and (QxR”)[k]=(Q[k-n])xR”. (Note that this need not always 
be the case, for cH has three strata while cH x [w’ has only two.) As before, since 
P[l]xlW”x(PxR”)[n+l] is l-LCC in Pxlw” and Q[l]xR”=(QxR”)[n+l] is 
not I-LCC in Q x R”, it is not possible for P x R” and Q x R” to be homeomorphic. 
Thus the result on stabilizing factors of manifolds does not carry over to polyhedra. 
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Stabilizing factors for decompositions of polyhedra 
Since no finite dimensional manifold can stabilize the above mapping, one must 
resort to infinite dimensional stabilizing factors. If M is a Hilbert cube manifold, 
then both P x M and Q x M are both Hilbert cube manifolds. Thus fx id: P x M + 
Q x M is a cell-like mapping which is approximable by homeomorphisms [2]. 
However, one would like to be able to determine the stabilizing factor with the 
smallest dimension. The following theorem will imply that for polyhedra, that 
minimal manifold factor is the countable-dimensional space u. 
Theorem. If G is a cell-like upper semicontinuous decomposition of a polyhedron P 
such that P/G is finite-dimensional, then P/G x u is homeomorphic to P x u. 
Proof. Since a-manifolds having the same homotopy type are homeomorphic [l], 
it is sufficient to prove that both P/G x u and P x (T are u-manifolds. For any 
polyhedron P, it is known that P x u is a u-manifold [C,], so it remains to verify 
that P/G x u is a u-manifold. Thus we must show that P/G x u satisfies that 
condition of the previously stated characterization theorem for u-manifolds. 
The assumption that P/G is finite-dimensional is sufficient to imply that P/G is 
an ANR [6] so P/G x u is also an ANR. Also, P/G x u is clearly the countable 
union of finite-dimensional compacta. 
Letting K be a compact subset of P/G x u and r2: P/G x u + u the natural 
projection, X*(K) will be a compact subset of a, and hence a strong Z-set in u. 
Thus, given an open cover % of P/G x u, there is a mapping h,: CT-+ u- r2( K) 
limited by %,={~~~(u)[uE%}. Now h=P/Gxu+(P/Gxu)-K given by 
h(x, y) = (x, h,(y)) is the mapping necessary to verify that K is a strong Z-set in 
P/Gxu. 
Similarly, iff: [Wk + P/G x u is a mapping and 6: Pk + (0, 1) is given, the mapping 
r* of: [Wk + u may be approximated by an injection f such that f(x) = 
(rrl o(x),f’(x)) is an injection with d(f(x),f(x))<s(x). Thus P/Gx u is a u- 
manifold and the proof is complete. 0 
We have as an immediate consequence the following corollary. 
Corollary. If f: P + Q is a cellular mapping, then P x u is homeomorphic to Q x 0: 
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